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C3 . Abstract 

Let X be a symmetric strong Markov process on a Luzin space. In this paper, we present 
, criteria of the L^-independence of spectral bounds for generahzed non-local Feynman-Kac semi- 

groups of X that involve continuous additive functionals of X having zero quadratic variations 
■ and discontinuous additive functionals of X . 
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CN ! 1 Introduction 
> 

Q>^ ■ Transformation by multiplicative functionals is one of the most important transforms for Markov 

processes. Feynman-Kac transforms and Girsanov transforms are particular cases. They play an 
• , important role in the probabilistic as well as analytic aspect of potential theory. See [H d [12] and 

\ the references therein for some of the recent results in the context of symmetric Markov processes. 

Suppose that E \s & Lusin space (i.e., a space that is homeomorphic to a Borel subset of 
a compact metric space) and B{E) denotes the Borel ci-algebra on E. Let m be a Borel c-finite 
measure on E with supp[m] = E and X = (Jl, J-t, Xt, Px, x £ E)he an m-symmetric irreducible 
^ ■ Borel standard process on E with lifetime C (cf. Sharpe [16] for the terminology). For a continuous 

. additive functional A oi X having finite variation, one can do Feynman-Kac transform: 

Ttfix) = [e^*/(^t)] , t>0. 

It is easy to check (see [l]) that, under suitable Kato class condition on A, {Tt;t > 0} forms 
a strongly continuous symmetric semigroup on IJ'{E]m) for every \ < p < oo and that its Lp'- 
infinitesimal generator is := C + fi, where C is the L^-infinitesimal generator of the process X 
and /i is the (signed) Revuz measure for the continuous additive functional A. To emphasize the 
correspondence between continuous additive functionals and Revuz measures, let's denote A by A>^. 
In fact, the process X has many continuous additive functionals that do not have finite variations. 
For example, for u in the extended Dirichlet space 7e of {£, T), u{Xt) — u{Xo) has the Fukushima's 
decomposition M" -|- A^", where M" is a square integrable martingale additive functional of X and 
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N"^ is a continuous additive function that in general is only of zero quadratic variation. It is also 
natural to consider the following generalized Feynman-Kac transform: 

r</(x)=E,[e^"/(^t)], t>0. 

Let be the Revuz measure for (M"), the quadratic variation process of M". We refer the 
reader to the Introduction of [llj for a brief history of the above transformation by A^". It is shown 
in [TT] that when ^u^^^ is in Kato class of X, {Tt;t > 0} forms a strongly continuous symmetric 
semigroup on L'^{E;m) and its associate quadratic form is {Q,V{Q)), where 'D{Q)i, C and 

Q{f,g)=£{f,g)+£{fg,u) for f,geTb- 

Here for a function space 7i, we use Tib to denote space of bounded functions in V.. When the 
process X is discontinuous, it has many discontinuous additive functionals. Let F be a bounded 
symmetric function on E x E that vanishes along the diagonal d oi E x E. We always extend it to 
be zero oS E x E. Then X]o<s<t ^i-^s-i Xs), whenever it is summable, is an additive functional of 
X. Hence one can perform generalized non-local Feynman-Kac transform 



exp \n^ + A>^+ F(.Xs-,Xs) f{Xt) 



Q<s<t 



t>0. (1.1) 



Under some suitable Kato class conditions on the measures jU^„^, fi and the function F, it can be 
shown (see Theorem [33] below) that {r"''''^;t > 0} is a strongly continuous symmetric semigroup 
on IJ'{E; m) for every 1 < p < oo. Hence the limit 

Xp{X; u + IJ. + F) := - lim ]■ log \\Tj'''''^\\p^p 

r— )-oo t 

exists, which will be called the L^-spectral bound of the generalized non-local Feynman-Kac semi- 
group {T"'^'-^ ; i > 0}. We wih show in this paper that under suitable conditions, Xp{X; u+fi + F) = 
X2{X; n -|- ;U + F) for all 1 < p < oo if X2{X; u + ^ + F) < 0. If in addition X is conservative, 
then X2{X;u + fj, + F) < becomes a necessary and sufficient condition for the independence of 
Xp{X, u + fi + F) in p G [1, oo]. The L^-spectral bound X2{X ; u + n + F) has a variational formula 
in terms of the Dirichlet form of X, jj, and F, see (I3.10p below. 

When F = and u = 0, the L^-independence of spectral bounds for continuous Feynman-Kac 
transforms {r°''''°,t > 0} was investigated by Takeda in ITU] for conservative Feller processes or 
symmetric Hunt processes satisfying strong Feller property and a tightness assumption, respectively, 
both using a large deviation approach. The results in [TH] were extended to purely discontinuous 
Feynman-Kac transforms \T^'^' , t > 0} (i.e. with n = and /i = 0) first in |20) for rotationally 
symmetric a-stable processes and then in [21J for conservative doubly Feller processes, both papers 
again using a large deviation approach similar to those in |18] [19] . A stochastic process is said to 
be doubly Feller if it is a Feller process that has the strong Feller property. The L^-independence 
of spectral bounds for continuous generalized Feynman-Kac transforms {T^''^'^,t > 0} (i.e. with 
F = 0) is studied recently in [13] for doubly Feller processes on a locally compact metric space E 
and for those u £ J-'e that is continuous on E and vanishes at infinity, also using a large deviation 
approach refined from |18[ 119] . In a very recent paper [5j by the author, a completely different 
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approach is developed to study the L^-independence of spectral bounds for non-local Feynman-Kac 
semigroups {T^'^'^ ,t > 0} (i.e. with n = 0) for symmetric Markov processes that may not have 
strong Feller property, using the gaugeability results established in [3] for continuous Feynman-Kac 
functionals. This new approach yields new criteria for the L^-independence of spectral bound even 
for local Feynman-Kac semigroups. 

The approach of this paper is different from that of [13]. We do not use large deviation theory. 
Using the idea from pJJ, we decompose transformation by multiplicative functional e'^" into a 
combination of a Girsanov transform, a continuous Feynman-Kac transform followed by an h- 
transform. So essentially, after a Girsanov transform, we can reduce the generalized non-local 
Feynman-Kac transform into a non-local Feynman-Kac transform for a new process. We can then 
apply the criteria from [5] to the latter to obtain criteria of the L^-independence of spectral radius 
for generalized Feynman-Kac semigroup 

To keep the exposition of this paper as transparent as possible, we have not attempted to present 
the most general conditions on u, fj, and F. For example, by applying results from ^ for continuous 
Feynman-Kac transforms instead of that for non-local Feynman-Kac transforms, conditions on n 
can be weakened for ^T^''^'^, t > 0} in the case of = 0. 

The rest of the paper is organized as follows. In Section O we give precise setup of this paper, 
including the definitions of Kato classes and Levy systems and recalling the main results from [5] 
that will be used in the sequel. Generalized non-local Feynman-Kac transform and its reduction 
to non-local Feynman-Kac transform via Girsanov transform are studied in Section [3l The criteria 
of the L^-independence of spectral bound for generalized non-local Feynman-Kac semigroups are 
established in Section HI Several examples are given in Section [5] to illustrate the main results of 
this paper. 

2 Kato classes and non-local Feynman-Kac transform 

Let ii^ be a Lusin space and B{E) be the Borel a-algebra on E. Let m be a Borel a- finite measure 
on E with supp[m-] = E and X = (Q, T ^ Tt^ Xt, ¥x, x £ E) he an m-symmetric irreducible 
transient Borel standard process on E with lifetime We like to point here that, since we are only 
concerned with the Schrodinger semigroups of X, the transience assumption on X is just a matter 
of convenience and is unimportant — we can always consider the 1-subprocess X^^^ of X instead 
of X if necessary. Let {£,J') denote the Dirichlet form of X; that is, if we use C to denote the 
infinitesimal generator of X, then is the domain of the operator y/—C and for u,v G 

£{U,V) = {\/-Cu, V-Cv)L2(^E;m)- 

We refer the reader to [8] or pH] for terminology and various properties of Dirichlet forms such as 
continuous additive functional, martingale additive functional, extended Dirichlet space. 
The transition operators Pt, t > 0, are defined by 

Ptfix) := E^[f{Xt)] = E^ifiXt); t < (]■ 

(Here and in the sequel, unless mentioned otherwise, we use the convention that a function defined 
on E takes the value at the cemetery point d.) We assume that there is a Borel symmetric 
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function G{x, y) on E x E such that 



E, 



f{X,)ds 



G{x,y)f{y)m{dy) 



for ah measurable / > 0. G(x, y) is called the Green function of X. The Green function G will 
always be chosen so that for each fixed y G E, x i— )• G{x,y) is an excessive function of X. This 
choice of the Green function is always possible; see |16| . 

For every a > 0, one deduces from the existence of the Green function G{x, y) that there exists 
a kernel Ga{x,y) so that 



E. 



Gaix,y)f{y)m{dy), 



X £ E, 



for all measurable / > 0. Clearly, Ga{x,y) < G{x,y). Note that by [111 Theorem 4.2.4], for every 
X £ E and t > 0, Xf under P^; has a density function p{t, x, y) with respect to the measure m. 

A set B is said to be m-polar if Pm(o"_B < co) = 0, where ub '■= inf{t > : G B}. We 
call a positive measure fi on E a smooth measure of X if there is a positive continuous additive 
functional (PCAF in abbreviation) A of X such that 



f{x)n{dx) 



4 limE^ 

40 



fiXs)dAs 



(2.1) 



for any Borel / > 0. Here t hm^io nieans the quantity is increasing as t J, 0. The measure fi is 
called the Revuz measure of A. We refer to [H [14] for the characterization of smooth measures in 
terms of nests and capacity. 

For any given positive smooth measure fi, define G^{x) = J^G{x,y)fi{dy). It is known (see 
Stollmann and Voigt [E]) that for any positive smooth measure /i of X, 



u{xf'ii{dx) < \\Gfi\\oo£{u,u) 



for u £ T. 



(2.2) 



Recall that as X is assumed to have a Green function, any m-polar set is polar. Hence by (12. 2 p 
a PCAF A in the sense of [2] with an exceptional set that has a bounded potential (that is, 
X I—)- Ej,. [j4(^] = Gfi is bounded almost everywhere on E, where /i is the Revuz measure of A) can be 
uniquely refined into a PCAF in the strict sense (as defined on p. 195 of [S]). This can be proved 
by using the same argument as that in the proof of Theorem 5.1.6 of [14], 

For a signed measure ^, we use and ^~ to denote the positive part and negative part of ^ 
appearing in the Hahn-Jordan decomposition of ^. The following definitions are taken from Chen 
i3j. 

Definition 2.1 Suppose that fi is a signed smooth measure. Let A^ and A^f^^ be the continuous 
additive functional and positive continuous additive functional of X with Revuz measures fi and 
respectively. 

(i) We say fj, is in the Kato class of X, K(X) in abbreviation, if 

limsupE^ Ul^'l = 0. 
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(ii) is said to be in the class Koo(^) if for any e > 0, there is a Borel set K = K{e) of 
finite \ii\-measure and a constant 6 = 5(e) > such that for all measurable set B C K with 
ImI(B) < 6, 

||G(li^.uB|^|)||oo <e. (2.3) 

(iii) /u is said to be in the class Ki(X) if there is a Borel set K of finite \fi\-measure and a constant 
6 > such that 

/3i(^):= sup ||G(UcuB|/i|)||oo < 1. (2.4) 

BCK: |At|(B)<(5 

(iv) A function q is said to be in class K(X), Koo(^) or Ki(X) if fi{dx) := q{x)m{dx) is in the 
corresponding spaces. 

According to [3, Proposition 2.3(i)], Koo(^) C K(X) n Ki(X). Suppose that /u is a positive 
measure in Ki(X). By Propositions 2.2 in [3j, Gfi{x) = E,x[A^] is bounded and so (|2.2p is satisfied. 
Therefore the PCAF corresponding to fi can and is always taken to be in the strict sense. 

Let (A^, H) be a Levy system for X (cf. Benveniste and Jacod [2j and Theorem 47.10 of Sharpe 
[T6]); that is, N{x,dy) is a kernel from {E,B{E)) to {E,B{E)) satisfying N{x,{x}) = 0, and Ht is 
a PCAF of X with bounded 1-potential such that for any nonnegative Borel function f on E x E 
vanishing on the diagonal and any x £ E, 



y^/(^3-,^s)i{s<ci 



Ex 



s<t 

The Revuz measure for H will be denoted as hh- 



E 



fiX„y)NiX,,dy)dHs 



(2.5) 



Definition 2.2 Suppose F is a bounded function on E x E vanishing on the diagonal d. It is 
always extended to be zero off E x E. Define fipidx) := (^f^F{x,y)N{x,dy)^ iiuidx). We say F 
belongs to the class J(X) (respectively, 3oo{^)) if the measure 

H\F\idx) := (^j^\F{x,y)\N{x,dy)^ Unidx) 

belongs to K(X) (respectively, K.oo{X)). 

See [H Section 2] for concrete examples of /i G Koo(Ar) and F G Joo(^). 

For a > 0, let X^"^ denote the a-subprocess of X; that is, AT^") is the subprocess of X killed 
at exponential rate a. Let G*-"-* be the 0-resolvent (or Green operator) of A^"^ Then G*^"-* = Ga, 
the a-resolvent of X. Thus for /3 > q > 0, Ki(A) C Ki(A(°)) C Ki(A('5)) and Koo(A) C 
Koo(A(")) C Koo(A'^'^)). In fact, it follows from the resolvent equation = Gp + (/3 — a)GaGp 
that Koo(A(")) = Koo(A:('^)) for every /3 > a > 0. Consequently, Joo(A(")) = Joo(A(^)) for every 
P>a>0. Clearly, K(X(")) = K(A) for every a > 0. 

Assume that /x is a signed smooth measure with fi^ G K(A) and Gfj.^ bounded, and F G J(A) 
symmetric. Define the non-local Feynman-Kac semigroup 



Pt^f{x):=Ejexp(A'^+ ^ F(A,_, A,)) /(A^) 



0<s<t 



t > 0. 
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It follows from the proof of [10^ Proposition 2.3] and Holder inequality that {Pi'^;t > 0} is a 
strongly continuous semigroup on LP{E; m) for every 1 <p < oo. Moveover, it is easy to verify that 
P/*' is a symmetric operator in L?{E;m) for every t > 0. The LP-spectral bound of {P/*"^ ; t > 0} 
is defined to be 

Ap(X,/i + F) := - lim llog||Pf^||p,p. 

t— >oo t 

Necessary and sufficient conditions for Xp{X, ^ + F) to be independent of 1 < p < oo have been 
investigated in [5] by using gaugeability results for Schrodinger semigroups obtained in [3J. The 
following three results are established in [5]. 

Theorem 2.3 (See |5j Theorem 5.3]) Assume that m{E) < oo and that the following condition 
holds 

there is some to > so that Pt^ is a bounded operator from L'^{E;m) into L°°{E;m). (2.6) 

Let IX he a signed smooth measure with fi^ € Koo(^*-"'*) and Ga^^ bounded for some a > 0, and 
F G Joo(-^^"^) symmetric. Then Xp{X,fj, + F) is independent of p G [l,oo]. 

Theorem 2.4 (See [5l Theorem 5.4]) Suppose that ^ is a signed smooth measure with p^ G 
Koo(-'^^^'') and Gifi~ bounded, and F G Joo(-'^*'"'^^) symmetric. 

(i) Xoo{X, iJ, + F) > min{A2(X, /X + -F), 0}. Consequently, Xp{X, pL + F) is independent of p G [l,oo] 

ifX2{X,ii + F)<Q. 

(ii) Assume in addition that X is conservative and that fi G }ioo{X^^^). Then Xoo{X,fi + F) = 
if X2{X,fi + F) > 0. Hence Xp{X,n + F) is independent of p & [l,oo] if and only if 
X2{X,fi + F) < 0. 

Theorem 2.5 {\^ Theorem 5.5]) Suppose that 1 G Koo(^(^)), /i G Koo(^(^)) and F G Joo(^^^^) 
symmetric. Then Xp{X,ii + F) is independent of p G [l,oo]. 

3 Generalized Feynman-Kac semigroup 

Denote by Fe the extended Dirichlet space of {£,F). Every u ^ Fe admits a quasi-continuous 
version, which we still denote as u. In this paper, every u ^ Fe is always represented by its 
quasi-continuous version. For such n, the following Fukushima's decomposition holds (cf. [8| fl^): 

u{Xt) = u{Xq) + + , t>0, 

where is a martingale additive functional of X having finite energy and A^" is a continuous 
additive functional of X having zero energy. The continuous martingale part of M" will be denoted 
as M"''^. Let (M") and {IvF^'^) be the predictable quadratic variation processes of M" and M'^'^, 
respectively. Both of them are positive continuous additive functionals of X, whose Revuz measures 
will be denoted as and l^^iy^, respectively. Note that by ^ Theorem 4.3.11] or [HI Theorem 
5.2.3], for bounded u m Fe, fx^u) can be computed from 

/ f{x)fi/u){dx) = 2£{uf,u) — £{u^,f) for bounded / G -Fg- (3.1) 
Je 
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A similar formula holds for /i^^^ as well; see [51 Exercise 4.3.12]. 

Let u be a bounded function in Te with \X(u) G Koo(-^*'^''), \i S Koo(^^^^) and F be a bounded 
symmetric function 

> 0} by 



exp 



0<s<t 



We will show that for every -p G [1, oo], {T"''^'^, t > 0} is a strongly continuous symmetric semigroup 
on L'^{E; m). This will be achieved by reducing the generalized non-local Feynman-Kac semigroup 
via a suitable Girsanov transform to a non-local Feynman-Kac semigroup of the 

new process. 

Note that since u is bounded, v{x) := e"'" — 1 is a bounded function in Jg. Clearly for every 
x,y £ E, 

\v{x)\ < e"""°° \u{x)\ and so \v{x) — v{y)\ < e"""°° \u{x) — u{y)\. 
We thus deduce from [8, (4.3.12) and Theorem 4.3.7] that 

< e^lMI- ^^^^(dx). (3.2) 

Let Z = Exp(M) be the Doleans-Dade exponential martingale of := Jq e"^^^~-*dMJ; that is, Z 
is the unique solution of 



Zt = l+ I Zs-dMs 

'0 



t > 0. 



It follows from Doleans-Dade formula (cf. [151, Theorem 9.39]) that 

Zt = expfMt-i(M^)t') W (1 + M, -M,_)e-(^^^-^^-) 

= expfMt-i(M"'^)t] J] exp (tx(X,_) - n(X,) + 1 - e"(^-)-"(^=) 



(3.3) 



Note that 



and that by (jOl . 



sup Ej, [M]oo = sup Ej, 



- Mt. 



^u{Xt-)-u{Xt) _ 2 > g-2||«||cx) _ 



< e 



2 n 



supE,[(Ar) 



< e 



4 m 



xG-B 



'\\GfJ-(u)\\oo < OO, 



where [M] is the quadratic variation process of the martingale M. Therefore we conclude by 
the uniform integrability criteria for exponential martingales established in [5l Theorem 3.2] that 
Z = Exp(M) is a uniformly integrable martingale under P^. for every x £ E. 
Let {¥'x,x E E} be the family of probability measures defined by 



Zr. 



on 



and for emphasis, let X = (Xt,¥x) denote the Girsanov transformed process {Xt,Px)- The following 
result is proved in [11^ Theorem 3.4]. 
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Theorem 3.1 The process X is a symmetric strong Markov process with symmetrizing measure 
e~'^'^^^^ m{dx) , whose associated Dirichlet form on L'^(E;e^'^'^^^^m(dx)) is {£,F), where for f , 

£{fj) = ^ / e-2-(-)/.^^(dx) + i / (/(x)-/(y))V"(-)-«(^)iV(x,dy)/i^,(dx) 

+ [ /(x)2e-"(^)K(dx). 
Je 

It follows that X has a Levy system {N{x, dy), H) with 

N{x,dy) = e'^^y'^N{x,dy) and fi^idx) = e'^'"'^ ^nidx). 

In view of Lemma 13.21 below, the latter is equivalent to Ht = e^^^^'^dHs- The next lemma is 
established in [TT| Theorem 3.3 and Lemma 4.2]. 

Lemma 3.2 If A is a positive continuous additive functional of X with Revuz measure fi, then A 
is a positive continuous additive functional of X with Revuz measure e""^^^^^ fx{dx) . Moreover, if 
fi G K{X), then e-2«W/i(dx) G K{X). 

Since u is bounded, the second half of the above lemma says that K(X) C K(X). 

Lemma 3.3 

Koo(X«) C Koo(X(i)) and so 3oo{X^^^) C Joo(X(i)). 



Proof. Let be a non-negative measure in Koo(^*'"'^^). It suffices to show that u{dx) := 
Q-'^H^) ^(^dx) G Koo(X(^)). Let A be the positive continuous additive functional of X having 
Revuz measure fi. In view of Lemma 13.2^ it can also be viewed as the positive continuous additive 
functional of X with Revuz measure u. Observe that ji G K(X(i)) = K{X). By Lemma [321 
u G K(X) and so there is a > such that ||Gq-z^||oo < 1- For any given e > 0, choose to > so that 



-otto 



< e/2. Then for any x G E and any B G B{E), 



to 







<E, 





.to 



lBiXs)dAs 



+ E, 


/ e-'^'dAs 




Jto 



Zt / lB{Xs)dA 
Jo 



+ e~"*0E^. 



GafJ-iX, 



to 



lB{Xs)dA, 



to J 



1/2 



+ e/2. 



(3.4) 



By [m Lemma 4.1(ii)], sup^g^ E^[.Zj^^] — c(to) < cxD. On the other hand, denoting f{x) 



Jq° lB{Xs)dAs , we have by the Markov property of X, 



E, 



< 2E. 



to 



lB{Xs)dA, 









= 2E^ 













to 



to 



lB{X,)fiXs)dAs 



<2||/||^<2e2"*o||G,(l^^)|| 



I oo ■ 
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This together with (j3.4p yields 

||G,(li?z^)||oo < V2c(to) e"*° ||G„(1b/u)||oo + e/2. 
It follows from the definition of Koo that v G Koo(X(°)) = Koo(X(i)). □ 

Remark 3.4 (i) By [11, Theorem 3.5], X can be recovered from X through an analogous Gir- 
sanov transform. Thus we in fact have K(X) = K(X), Koo(^(^)) = Koo(X(i)) and Joo(^^^^) = 

See |13i Lemma 3.3] for a related result under the assumption that X is a doubly Feller process 
with no killings inside. □ 



In view of (13. 3p . we can express e^*" as follows (see [HI (4.6)]), 

exp(iVj") = exp (u(Xt) - u{Xq) - M^) = e'^^^^Zt e"^* e"(^*), (3.5) 

where 

At := 1^ (^j^ (u{Xs) - u{y) + 1 - e"^^^)-"^^')) N{Xs, dy)^ dH, - \{M^nt. 
Let V be the signed Revuz measure of A, that is, 

v{dx) := {^j^ [u{x) - u{y) + 1 - e«(")~"(f)) N{x,dy)^ df^nidx) - ^f^l^^idx). (3.6) 



Since u is bounded, 



W{dx)\ < i^J^ (n(x) - u{y)yN{x,dy)j d^nidx) + -fi\^){dx) < (da;) (3.7) 

and so e Koo(X(i)) C K^dX^-^'^). 

For convenience, if A'^ is a continuous additive functional of X with (signed) Revuz measure /i, 
in view of Lemma l3.21 we will denote A^ by ^"^ when viewed as a continuous additive functional 
of X. 

By (I33D, 



Zooexp + ^ F(X,_,X,) (e"/)(Xi 



0<s<t 



exp I Af"'^^-"^ + 5^ F{X,_,X,) I (eV)(^t 



0<s<t 



e-"(^)f/"'"('^-")'^(eV)(^), 



(3., 



where {T^ 



,t >0} is the non-local Feynman-Kac semigroup of X defined by 



e-2"(/i-!^),F 



9{x) = E, 



exp I Af"^''-"^ + F{Xs-,X,) I g{Xt 



0<s<t 
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Theorem 3.5 Let u be a bounded function in Te with jii^y^-^ G KqoC-'^^"'^^), G Koo(-'^''"'^'*) o.nd F be 
a bounded symmetric function in 3 oo 

Then for every p G [l,oo], {T'"''^' ,t > 0} is a strongly 
continuous symmetric semigroup on LP{E;m). 

Proof. Since by ^ and Lemma [331 G Koo(X(i)), /x G Koo(X(i)) C Koo^^^^^) and F G 
Joo(^^^^), it follows from the proof of [lOl Proposition 2.3] applied to the process X that for every 
p G [l,oo], {T/ ^'^ '^^'^ ,t > O} is a strongly continuous symmetric semigroup on L^{E;e^^dm). 
Thus we have by (|3.8p that {T"''^' , t > 0} is a strongly continuous symmetric semigroup on 
L'P[E; dm) for every p G [1, oo]. □ 

Denote the operator norm of f/'"'^''"''^"^ : LP{E;e^''dm) LP{E;e^''dm) by \\f^''~^^^^~'"^'^\\^^, 
and the operator norm of T"''^'^ : LP{E;m) — t- LP{E;m) by ||Tj"''^'^||p^p. For 1 < p < oo, the L^- 
spectral bound of semigroup T^'^'^ is defined as 



Ap(X, u + ii + F):=- hm - log ||r,"''^'^| 



oo,oo • 



Clearly, in view of (j3.8p . 

iKt ||2,2 IKf l|2,2) 

while 

It follows that 

A2(X, u+ii+F) = \2{X, e-2"(^-zy)+F) and Aoo(^, u+^l+F) = \^{X, e~2"(^-iy)+F). (3.9) 
Note that by [5,, (5.7)] 

\2{X, u + fi + F) = A2(X, e~2«(Ai - i^),F) 
= inf 1^(5,5) - / 9{x)9{y) (e^(^'^) - l) e'^^^^'^^y^ N{x,dy)f,H{dx) 

- j gixfe-^'^^'^Hu - fi){dxy, geF with j 5(x)2e-2"(^)m(dx) = l| 

= inf 1^(5,5) - / g{x)g{y)e-<-^-<y^ (e^(-'^) - l) N{x,dy)^lH{dx) 

K. J ExE 

-j g{xfe-^''^''\u - fi){dxy, g e Fb with j g{xfe-^''^''^m{dx) = l^ 
= inf |^(/e", /e") - / /(x)/(y) (e^(^'^) - l) iV(x, dy)^H(dx) 



f {x) [v - ii){dx)] f e Fb with / /(x) m((ix) = 1 



inf |f (/, /) + £{u, /2) + f f{xffi{dx) - f f{x)f{y) (e^(^'^) - l) N{x, dy)^iH{dx); 

y J E J ExE 

f eFb with j f{xfm{dx) = l| . (3.10) 
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In the last equality, we used the fact that 

£{fe\ /e") - / fixfuidx) = £if, f) + £{u, f) for / e T^, 
Je 

whose proof can be found in the paragraph following (4.8) in the proof of [111 Theorem 1.2] for 
bounded u. 
Clearly 



||oo,oo — IKj ^lloo — °'-iJJ-'i^x 



exp 



0<s<t 



By duality, we have ||r"'^'^||i^i = ||Tj"''^'^|| 00,00 • Consequently, it follows from the Cauchy-Schwarz 
inequality that 

Wrr'^fWl < Wrr^^lWoo \\Tr'^if)\\i < rr'^llL.ooll/i for / e L\E;m). 
Thus we have ||T,"'^'^||2,2< IIT,"''^'^ 

1 1 00,00 • We now deduce by interpolation that 
||r,"''^'^||2,2 < \\Tr'^\\p,p < ||T,"'^'''||oo,oo for 1< p < 00. 

Hence 

\oo{X,u + fi + F) < Xp{X,u + fi + F) < X2{X,u + n + F) for 1< p < 00. (3.11) 

4 L^-independence of spectral bounds 

We can now present results on the L^-independence of the spectral bounds of generalized non-local 
Feynman-Kac semigroups. 

Theorem 4.1 Assume that m{E) < 00, and that (j2.6p holds. Let u be a bounded function in Tf, 
with G Koo(^^"'^^), /U S Koo(^^"'^^) and F a symmetric function in Joo(-'^^^^)- Then Ap(X, u + 
fi + F) is independent of p £ [1, 00]. 

Proof. Since Pt^ is a bounded linear operator from L'^{E;m) to L°°{E;m), by duality, is 
a bounded linear operator from L^{E;m) to L'^{E;m). Hence P2to • L^{E;m) — t- L°^[E;m) is 
bounded. Let Mt := Jq e"("^°")dM| and Zt = Exp(M)t be its Doleans-Dade exponential 
martingale, which admits expression (j3.3p . Since G Koo(-^*^^'') C K(X(-'^)) = K(X), we have 
by [m Lemma 4.1(ii)] that sup2,g£;E [-^I^q] < 00. 

Denote by Y the Girsanov transformed process of X via Z. Then for every / S L'^{E;m), 

\P^tJ{x)\ := |E,[/(y2to)]l = IE. [Z2tofiXt)]\ < (lEx[^|io]E. [/(^2to)'] ) < c\\fh2^E;m)- 

This proves that condition (12. Gh holds for Y with 2to in place of to- Lst be the measure defined 
by ([Ml). Note that in view of v G Y^^iX^^^) C Koo(X(i)). Thus we can apply Theorem O 

to conclude that 

A2(y, e-2"(^ _ z.) + F) = Aoo(r, e-2"(/. - z.) + F). 

We deduce from this and p.9p that A2(^, + + F) = Aoo('u + ^ + P). Consequently, we have 
from ()3.1ip that Ap(X, u + /i + F) is independent of p G [1, 00]. □ 
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Theorem 4.2 Suppose that u is a hounded function in Fe with G Koo(-^^^''), H G Koo(-^*-^'') 
and F G Joo(-'^^"'^^) is hounded and symmetric. 

(i) Aoo(^, li + + -F) > min{A2(^, + /i + F),{f\ and so Xp{X,u + fi + F) is independent of 

p£ [l,oo] if X2{X,u + fi + F) < 0. 

(ii) Assume in addition that X is conservative. If X2{X,u + fi + F) > 0, then XoaiX,u-\- fi-\-F) = 0. 

Hence Xp{X, u + fi + F) is independent of p £ [1, oo] if and only if X2iX, u + fi + F) < 0. 



Proof. Let Zt = Exp(M)f be the exponential martingale in the proof of Theorem 14.11 As we saw 
in Section [31 {Zt,t > 0} is a uniformly integrable martingale under each P^.. It follows that the 
Girsanov transformed process X of X by Z is transient and has a Green function . Furthermore, 
X is conservative if so is X. It is clear that X is e~'^"m- irreducible since Exp(M)t > a.s.. Let 
u be the measure defined by (j3.6p . Note that in view of (1321), u G Koo(XW) C Koo(X«). bmce 
e~^"(// — z^) G K.ao{X^^^) C Koo(^^^^), the conclusion of the theorem now follows from Theorem 
Ea applied to (X, e-2«(/x - i/) + F) and □ 

Theorem 4.3 Suppose that 1 G Koo(X(^)), u is a hounded function in Fe with G Koo(X' 

and G Joo(X'^"'^-') symmetric. Then Xp{X,u + n + F) is independent of p G [l,oo]. 

Proof. As above, let Zt = Exp(M)j be the exponential martingale in the proof of Theorem 14.11 
and X the Girsanov transformed process of X by Z. Let v be the measure defined by ()3.6p . which 
in view of ()3.7p is in Koo(Ar(^)) C Koo(X(^)). The conclusion of this theorem follows from Theorem 
Oapplied to (X,e-2"(/i- I/) + F) and (IMD. □ 



5 Examples 

In this section, we give several concrete examples for functions to be in Kato class Koo(X(^)), 
Joo(X(-^)) and for bounded u £ Fe with /i^^^ G Koo(X(^)) so that the main results of this paper 
apply. 

Two real-valued functions / and g are said to be comparable if there is a constant c > 1 so that 
g/c < f < eg, and we denote it by / x g. 

Example 5.1 (Stable-like process on d-sets) Let n > 1 and < d < n. A Borel subset E in 
M" is said to be a global d-set if there exist a measure m on E and constants C2 > Ci > so that 

Ci r'^ < m{B{x, r)) < C2 r'^ for aU x G and r > 0. (5.1) 

Here B{x, r) := {y £ E : \x — y\ < r} and | • | is the Euclidean metric in R". 
For a closed global d-set E C and < a < 2, define 

F = lueL\E,m): [ ^""f^^ ~ m{dx)m{dy) < 00 1 (5.2) 
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£{u,v) = T, I {u{x) - u{y)){v{x) - v{y))- '—j— m{dx)m{dy) (5.3) 

for u, V £ J-', where c{x, y) is a symmetric function on E x E that is bounded between two strictly 
positive constants C4 > C3 > 0, that is, 

C3 < c{x,y) < C4 for m-a.e. x,y G E. (5-4) 

It is shown in [9j that {£,J~) is a regular Dirichlet form on L'^(E;m) and there is an associated 
m-symmetric Hunt process X on E starting from every point in E. Moreover, X admits a jointly 
Holder continuous transition density function p{t, x, y) with respect to the measure m, which sat- 
isfies the following two-sided estimates 

p{t, X, y) X A on (0, ^) x E x E, (5.5) 

\x y\ 

where the comparison constants in ()5.5p depend only on C^, k = 1,2,3,4. We call such kind of 
process a a-stable-like process on E. Note that when E = R" and c(x, y) is a constant function, 
then X is nothing but a rotationally symmetric a-stable process on M". The process X has a 
Levy system {N{x,dy),H), with N{x,dy) = N{x,y)dy = c{x,y)\x — and Ht = t so 

fiH{dx) = m{dx). When a < d, the process X is transient and its Green function is given by 

/•CO 

G{x,y)= p{t,x,y)dt^\x-y\'^-'^, x,y £ E. 
Jo 

By the same argument as that for Theorem 2.1 of Chen [3], we can show that when < a < d A 2, 

(a) a signed measure /i is in K(X) if and only if 

limsup / |x-y|°-'^|^|(dy) = 0; (5.6) 

''^OxeS JB{x,r) 

(b) a finite signed measure fi is in Koo(^) if and only if it is in 'K(X); 

(c) a signed measure is in Koo(^) if and only if both (|5.6p and the following condition 

limsup/ |x - yl^-^'l/xKdy) = (5.7) 

are satisfied. 

It is easy to see that condition (j5.6p is satisfied for ^{dx) = f{x)m(dx) if / G LP{E;m) for some 
p > d/a. We next show the following. 

Lemma 5.1 Let < a < 2 and X be a symmetric a-stable-like process on the d-set E. 

(i) When a < d, U\E;m) C ¥.^{X^^^) for every p > d/a. When < d < a, U'{E;m) C 
Koo(-'^^"'^^) for every p > I. 

(ii) For bounded u £ T^, P(u) G Koc{X^^^) if fu{x) := f^iuix) - u{y)f j£^^^m{dy) is in 
LP{E;m) for some p > d/a. In particular, if u £ Cl{E), then £ Koo(-'^^^^). 
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(iii) If F is a bounded function on E x E with 

\E{x,y)\ < c\x — y\'^ for x,y £ E and F{x,y)=0 for {x,y) £ E x K'^, (5.8) 

where K is a compact subset of E, c and 7 are two positive constants such that 7 > a, then 
EGJ^XW). 

Proof, (i) In view of (jS.Sp . 

Gi{x,y)= e-'p{t,x,y)dt^ e"*^ nr^dt + e-H-^'^dt. (5.9) 



Observe that 



k-s/r t _ 1- (l + |x-y|°)e-l^-^l" ^ ^ e-l^-^l 



while 



00 — 1 2J — y| 

^_t^_d/„^^ ^ e whend>a. (5.11) 



When d < a and |rE — y| < 1, 

/ e-H~'^/'^dt < / t-'^/'^dt+ / e-*cit 

Jlx-vl" J\x-v\°' Jl 



y\' 

a log(l/|x — y|) + 1 if d = a, 

^ (1 - |x - yl"-'^) + 1 ifd<a, 



(5.12) 



while for |x — 7/| > 1, 

/"OO /"OO 

/ e~H''^/'^dt < \x - y\-'^ e-*(it = Ix-yrV^-J'l". (5.13) 



Thus we have by (fOjl - dSJ?]) 



Giix,y) < < 



C2^z^p^ when d > a, 

C2 (log(l/|x - y\)l{\x-.y\<i/2} + ^\xSyid ^{\x-y\>i/2}) wheu d = a, (5.14) 
1,^2^^^^ wheno!<a. 



Suppose that < a < d. For / G U'{E;m) with p > d/a, let g > 1 be the conjugate of p, that is, 
q = p/{p — f). Note that q < ^3^. We have by Holder's inequality that 



sup/ Gi{x,y)\f{y)\m{dy) < (sup/ Gi{x,yYm{dy) 
x&eJb(o,RY KxeEJE 



"'if \f{y)?m{dy)\ 

x&EJB{0,RY \xGEJE J \Jb{o,ry J 

< c( [ \f{y)\^midy)] . 
\Jb{o,ry I 
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Hence for every e > 0, there is some > so that sup^g^; /^(g j:j)c Gi{x,y)\f{y)\m{dy) < e/2. On 

the other hand, there is 5 > so that for every Borel set B with m{B) < 6, (Jg \ f {y)\Pm{dy))^^^ < 
^ and so by the same argument as above, 



sup / Gi{x,y)\f{y)\m{dy) < e/2. 

x€E J B 



This shows that / G Koo(X(i)). Now assume that < (i < a < 2. Using Holder's inequahty, 
we can deduce from above that LP{E;m) C Koo(-'^^^^) for every p > 1. We next show that 
L^{{E;m) C Koo(X(i)). Note that since < d < a < 2, we have by (j5.14p that Gi{x,y) is 
bounded. This in particular implies that for / G L^{E;m), 



lim sup / Gi(a;,2/)|/(2/)|m((iy) < lim / \f{y)\m{dy) = 0, 

x&E J B{o,RY R^'^Jb{o,ry 



and 



lim sup sup / < lim sup / \f{y)\m{dy) = ^. 

<5->0 xdE B:m{B)<5 JB B:m{B)<S J B{Q,RY 

Therefore we have L^{E;m) C Koo(X(i)). 

(ii) For bounded u & J^e, we deduce from (j3.ip that 

f^(u){dx) = (^jju{x) - u{y)f ^J^'j]^^ rnidy)^ m{dx) = fu{x)m{dx). 

Then by (i), G Koo(X(^^) if /« G LP{E\ m) for some p > d/a. Note that Cl{E) C F. We next 
show that for u G C^{E), /„ G L^{E; m) for every p> 1. Clearly, by the mean value theorem, 

/-(^) ^ / , , , TT—^dT^'^idy) + l\d+a '^(dy) 

J {yeE:\y-x\<l} F " 2/1 -'{l/e-B:|y-a;|>l} F " 2/1 

and so fu is bounded. Let K = supp[ii]. Then for x G K'^, 

Since {E,m) is a d-set, it follows that fu G U'{E;m) for every p > 1. In particular, we have 
G Koo(X(i)). 

(iii) Suppose that F is a bounded Borel function on E x E satisfying ()5.8p . Let /(x) = 
Jg, \F{x,y)\N{x,y)m{dy). Then for every x £ E, 

J{s/Git:|y-a;|<l} F " 2/1 ' •^{l/eA':|s/-x|>l} F — 2/1 

< 



d{x,K)'^+''' 



where d{x,K) denotes the Euclidean distance between x and K. It follows that / G LP{E;m) for 
every p > 1. In particular, this implies that F G Joo(^^^^)- D 
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Example 5.2. (Symmetric diffusions) Let X be a symmetric diffusion in M", n > 1, with 
infinitesimal generator £ = ^ ^ (^«j(^)a§")i where matrix {aij{x))i<ij<n is uniformly 

elliptic and bounded, that is, there is A > 1 such that for m-a.e. x E M" and C = {Ci,- " i'?n) S I^", 

n 

The Dirichlet form (£:, J") in L'^{W,dx) for X is: J" = M/i'2(M") = {/ G L2(M",(ix) : V/ G 
L'^{W,dx)} and 

■^(/'S) = J / E a,,ix)^p-dx, f,g G ^^^'^(M"). 
2 jRn ^ dxi dxj 

Lemma 5.2 (i) If n > 3, then LP(R";(ix) C Koo(-^'^^^) for every p > n/2. When n = 1 or 2, 
then LP(R";(ix) C Koo(X(^^) for every p>l. 

(ii) Suppose that u G Lf^^{W"-] dx) is bounded with Vu G L^(M"; dx) fl L^'(M"; dx) for some p > n. 
Then u ^ Fe with G 'Koo{X^^^) . 

Proof, (i) It is well known that the symmetric diffusion process X has a jointly Holder continuous 
transition density function p(t,x,y) with respect to the Lebesgue measure m{dx) := dx on M". 
Moreover, p{t,x,y) enjoys the following celebrated Anroson's estimate: there are constants ci,C2 > 
1 so that for every t > and x,y £ M", 

q lt-"/2g-C2|a-y|2/t < < g^^-n/2g-|x-y|V(c2i)_ 

Note that 

/■oo „ 







oo 

-.2, 



< csr^-" / ('u-'^/2-i A l)e^i/(2c2«)-r2«/2^^ 
^0 

/•oo 
JO 

Thus we have by ()5.15p and the above that 

;"00 

Gi{x, y)= e-^p{t, X, y)dt < cic^\x - yp-^e-^^l^-^L (5.16) 

^0 

Just as in the proof of Lemma 15.11 using Holder inequality and (j5.16p , one can show that when 
n > 3, LP{W;dx) C Koo(X(^^) for every p > n/2. When n = 1 or 2, LP(M";dx) C Koo(X(i)) for 
every p > 1. 

(ii) It is known (see, e.g.. Example 1.5.2 of [13]) that the extended Dirichlet space 

-^e = {/ G ^ioc(IK"; dx) : V/ G L2(R"; dx)} . 
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By ()3.ip . for bounded u G Te, its energy measure is iJL(y^^{dx) = Yli^j=iO'iji^)'§^^dx. Thus by 
(i) above, a bounded locally L^-integrable function u with Vu G L^(M"'; dx) H L'P(W^; dx) for some 
j3 > n is a function in with ^u^^^ in the Kato class of X. □ 

We refer the reader to [U Examples 2.2 and 2.3] for examples of Kato classes Koo(X) and 
when X is a symmetric a-stable process, respectively, a censored a-stable process, in a 
bounded C^'^-open set. 
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